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. . *
rondensation and gelation: the general case

Lauwerier

ACT

The mathematical model of multifunctional polycondensation is consider-

' means of the method of the generating function as proposed by Pis'men

uchanov. This paper is a sequel to an earlier paper in which we studied

'pecial case of polycondensation of trifunctional monomers. Here the

‘al case is considered. The results are similar as in the special case.

iodel does not only describe the process of polycondensation up to the
ble gelpoint but does give quantitative information for the subse-
period during which the gel is built up. A technique has been devel-
for determining the main statistical characteristics of the mixture

e and after the gelpoint. This method has been worked out for the

al case of a mixture which originally contains molecules of type
0) and C](O,Z) only.

ORDS & PHRASES: polycondensation, gelation, gelpoint, generating

function technioue, explicit solutioms.

is paper is not for review; it is meant for publication elsewhere.







1. INTRODUCTION

In a previous paper we studied the mathematical model of the polycon-
densation of trifunctional monomers by using the method of the generating function
as described by PIS'MEN and KUCHANOV [ 2] in their paper. In our analysis it was
made clear that the mathematical model describes the process of polymeri-
sation both before and after the gelpoint. In particular the model appears
to give quantitative information on the formation of the gel. In the case
of trifuctional monomers an explicit solution could be obtained for the
period up to the gelpoint and for the subsequent infinite period with a
continuous transition at the gelpoint. In particular we obtained simple
expressions for the first few moments in both periods.

In this paper we consider the general case of polycondensation of
polymers with an arbitrary number of functional groups of a first type and
of a second type. The reaction scheme is the same as that considered by
Pis'men and Kuchanov. Our notation corresponds very closely to that used
in their paper (often quoted as PK followed by the formula number).

It turns out that the ideas developed in our previous paper can also
be used in the general case. In fact, all essential points of the general
model are already present in the much simpler model considered before.

We have the impression that so far the potentialities of the mathema-
tical model have not been fully appreciated. Pis'men and Kuchanov rejected
the model for the period after the gelpoint and missed accordingly the
second part of the full solution. On the contrary also in the general case
the model neatly describes the possible formation of a gel. Gel formation
as described by this model is no instantaneous process but evolves rapidly
or slowly as the case may be.

The mathematical analysis in this paper is a generalization of that
in our previous paper. The general line is as follows. Using the technique
of the generating function the infinite number of kinetic equations is
transformed into a single partial differential equation. This equation
still contains the first moments ul(t) and uz(t) measuring the total num-—
ber of free functional groups of either kind. For t < tg where tg is the
bossible gelpoint these moments are simple functions of time that can be

letermined in advance but for t > tg their determination requires complete




olution of the problem. However, by using well-chosen independent variables
t is possible to solve the partial differential equation without making ex-
licit use of the first moments. This solution holds for all values of time,
rrespective of possible gelation. Assuming a known generating function the
irst moments can be determined in a simple manner. But in reality for

> tg the generating function which solves the partial differential equa-
ion contains ul(t) and uz(t) still as unknown functions. Thus there exists
n implicit way of determining these moments. Eventually we arrive at solu-
ions of ul(t) and uz(t) which are different in form before and after the
elpoint but with a continuous transition at t = tg. In a similar way, we

ay derive an expression for the zeroth moment u(t), which measures the

otal number of free molecules reacting with each other and an expression

or the total number M of elementary units. Up to the gelpoint M is con-
tant as it should be, but for t > tg M is decreasing with time. This means
hat the total mass initially present in the mixture is now divided between
he reacting molecules and the gel which in a sense may be seen as a mole-
ule with an infinity of functional groups.

The contents of this paper may be summarized as follows. The most im—
ortant formulae and results are summed up in the second section. The reader
ho wants to work out some specific case will find here all relevant mater-
al. In the third section we consider the infinite set of kinetic equations
n the form considered by Pis}men and Kuchanov. It is shown that from these
juations the zeroth moment u(t) and the first moments u](t),uz(t) can
> determined only under the condition of finite second moments. In the
>urth section a general solution is obtained by means of the technique of
1e generating function. Expressions for the first few moments and the to-
11 mass are given. In the fifth section the solution for the period t < t
5 worked out. Explicit formulae for the gelpoint are given. Our results
11ly agree with those obtained by Pis'men and Kuchanov. In the sixth sec-
ion an essentially new addition to the theory, the case t > tg’ is dis-
1ssed at length. A method has been developed by means of which all inter-
sting functions such as the first few moments can be determined in terms
! suitable auxiliary variables. Eventually this leads to a single ordinary
(fferential equation which can be solved analytically in specific cases

I course. In the seventh and last section the theory is applied to the




tant case of a mixture containing initially molecules of type C3(3,0)
](0,2) only. For this case considered earlier by FLORY [1] a complete
xplicit analytical solution is obtained. The symmetric case is worked

umerically.

MMARY OF THE RESULTS

In order to facilitate further applications of the theory we summarize
>st important formulae. The concentration of molecules of type Ck(al’aZ)

me t is denoted by Ck(a],az,t). They are all combined in the generating

ion
_ k a1 22
g = Z Ck(a],az,t)s X%, .
nitially given mixture is described by

g(s,x],xz,O) = h(s,x],xz).

eroth moment u, the first moments uy and the total amount of elementary
M are defined by (3.3), (3.4) and (3.6). Their initial values follow

ce from the given polynomial h. For t < tg they are explicitly given

»14), (3.11) or in the symmetric case Hp = H, by (3.13), (3.15) i.e.
1
Ul(t)'uz(t)“t+e’ t st
(£) = u(0) =~ —ev t <t
H H 8(t+0) 5 = g'

:lpoint tg can be calculated from (5.11) in the general case or from
' in the symmetric case. However, in some cases a gelpoint is absent

etrays itself in an imaginary value.

'or the period t > tg we need auxiliary parameters C],C2 and an auxili-

me variable v. Using the notations

3 .
by = 5% b (1,C,Cy), hy =3B (1,¢

€,
1 2 2

]’




2
hy, = “?"f h (1,C,,C,), etcetera,
Bxl

> have (cf. 6.11)

u o= h - Vhlh

2 3
) = -
2.5) u] Clhl vhlh2 ,
My = C2h2 - vh]h2 s
1d
) 3
_.6) M='8—S-h (I,Cl,Cz).

1e functions Cl(v), C2(v) follow from (6.8) and (6.9)

J vy + /b)) =1,
2.7) 1
/h]] dc, = /h,, dc, ,
1ere Cl = C2 = 1 at the gelpoint v = vg determined by
2.8) vg{hlz(l,l,l) + /h!l(l,l,l)hzz(l,],l)} = 1.

1e relation between v and the real time t is given by
- (6.12) viz.
v
-1 =1
) b = — —
2.9) t tg J (C] th) (C2 vh]) dv.

v
g

1e full distribution function or generating function i

+.14) . However, the parameters C,,C, have a more gener

1’72

1ey also depend on s, X, and Xy Therefore we modify t

»llows

= h(s,kl,kz) - vh](s,xl,kz)hz(s,xl,kz),
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pR——
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2.10) A, - vhz(s,k

1 1

1 Az - Vhl(s,Al,k

’>\2),

)




0](t), oz(t) and v(t) are determine

t
oi(t) = exp - J ui(r) dt,
) 0
t
v(t) = J olosz.
0

< tg ci(t) and v(t) are simple func

1 2
>llowing way. In addition to (2.5) w

ar, for t > tg o, and o, can only be

Q
I
@]
|
<
=3

[he following example, worked out in

anner in which these formulae canbe

: mixture with monomers of type C3(3

_ 2 33 1 2
) h =3 s x1 + 3 sx2 .
5 " i}
u(0) = 3 and ul(O) = u

:ain from (2.3) and (2.4) for the fi:

o]
&

[ U](t) = uz(t) = 3t ¥ 3 °

)
15 - 2t
l p(t) = 33

:lpoint is

£ =3 (1+/2) = 3.62.
g 2

2.7) we obtain for t > tg

4.7),

as giv

ssed a

detail
d. Sta
d C](O

[(WIEN)

riod




-9 -2 _9 -3 _ 2
2.15) C] =gV > C2 =gV + 1 3 V2 .
1en using (2.5) we obtain for M and My
_ 2.3 _4 2
M T30 TSy
2.16)
2 2 2
My =3 6y 79 VECye

le relation between v and t has been determined by (7.22). It appears
1at the equality of oy and Moy stops at the gelpoint. For t > « Hy tends
y zero whereas Hy has a non-vanishing limit. In the limit situation the
:1 has consumed all trifunctional monomers but a small amount of molecul
! type C1(0,2) is still present.

Of course we should realize that the mathematical model considered
're is an idealization of the chemical situation. It may be expected tha
.th the formation of more and more complex polymers the model departs
‘adually from the chemical reality. However, the merits of the mathema-
.cal model can only be assessed by comparing the mathematical results

.th chemical experiments.

THE KINETIC EQUATIONS

Let the symbol Cn(al’aZ) denote a polymer molecule with n units, a,

nctional groups of a first type I and a, functional groups of a second
pe II. The reaction scheme is assumed to be of the form (cf. PK 1)

1) Ck(bl’bZ) + Cl(c],cz) > Ck+2(b]+c -1,b +c-1).

1 2 "2

th a dimensionless time scale the kinetic equations are (cf. PK 3)

d -
at Cn(a122p08) = C (a),2,,0) ) (a;b, + 2,00, (Bysby,t)
.2)

1
t 3 ) (bycytbyc)C, (b,b,y,t)C, (c)5e,,t)




Cn(a]’aZ’

lere the summations are taken with b] + ¢, = a] +1, b

= n. For a fixed value of t and n,a,,a, running throu

t) is the concentration of molecules Cn(al,a

itural numbers the concentrations Cn(a],az,t) determin
»n distribution function. Its first few moments are of
:ance both in theory and practice.

’he zeroth moment
u(t) = z Ck(a]’a2’t)

-es the total number of polymer chains. The first mome

Ui(t) = Z aick(al’aZ’t)’ 1

res the total number of free functional groups of type

second moments Hypot are defined as

12 - Mo1°¥M22

.(t) = a.a.C (a,,a,,t i
b5 () = I a;a:0(ap,a),0),
neasure in a sense the broadness of the concentration
ion.

[he total number of monomer units involved in the reac

ced by

M=) kC, (a,,a,,t).

to be expected that M does not change in time. Howeve
see that this so-called conservation law is not uncond
by the equations (3.2).

[f the equations (3.2) are surmed with respect to n,a

1
it difficulty the single ordinary differential equatio

du _ _
ac ~ HiM2e

> equation (3.2) is multiplied by a, then summation gi

1

time t,

=a2+

set of
concen-—

derable

either

bution

is

shall

1ly im-

: obtain




du
1
—_= - + + -
g - TGyt Gy e .
wever, the summations can only be justified under the condition of the
nvergence of the second moments (3.5). Thus, only if uij(t) < o the
juation obtained above is true and can be replaced by
du]
3.8) T My
1id similarly

du2
3.9) at . WMo

1e conservation law, M = constant, can be derived in an analogous way.

1 particular we obtain the result

3.10) g—f

=0

rovided

(o]

Z ka]C < o and Z kaZCk < o,

k
;nerally speaking there is a moment t = tg’ the gelpoint, where some or
.1 second moments become infinite and where the relations (3.8), (3.9)
id (3.10) are no longer true. The relation (3.7) remains true, however,
.so for t 2 tg.

During the initial period up to the gelpoint the moments p, u, and u

1
in be determined from the equations (3.7), (3.8) and (3.9). A simple in-

rgration shows that

xexp = A(t+8) (t) = dlexp A(t+8)
sinh A(t+8) °’ ) sinh A(t+68) °

vo11) u](t) =

lere X and 6 are constants of integration.
Of course to (3.2) a given initial distribution should be added.

'om this we may obtain p(0), u](O), uz(O) as given constants. Then (3.1l

ves

.12) 2\ = u2(0) - ul(O), 206 = 1n u2(0) - 1n u](O).




stoichiometric mixture we have a symmetrical situation with A = 0.

(3.11) can be replaced by

) ul(t) = uz(t) =Tv 35 -

(3.7) we obtain

A sinh At

) w(e) =10 = S SE o Tah A (E7)

n the symmetrical case

) p(t) = u(0) -9(—;57 .

Assuming the validity of (3.11) and (3.14) for all values of t we

find for t > «

Ae_lxle
U s T G
) u(=) = u(0) - Min{u, (0),u,(0)}.

ding to (3.3) and (3.4) this would lead to a negative value of p(=)
ny situatiomns. If there are molecules of mixed type only, i.e., of
Cn(a],az) with a, > 1, a, 21, (3.16) would give p(=®) < 0 with the
ity sign for a ;= a, = 1 only. The obvious conclusion is that a nega-
value of the right-hand side of (3.16) implies the existence of a

int and the restricted validity of (3.11) and (3.14).

E METHOD OF THE GENERATING FUNCTION
According to the method followed by Pis'men and Kuchanov in their
we introduce the generating function (cf. PK 1)

k 31 22
g(s,x],xz,t) = Z Ck(al,az,t)s X)X, .




Since from (3.3)

(4.2) U(t) = g(lylylst)s

the convergence of the right-hand side of (4.1) is gus

|x1l <1,

~r

< 1, |s| < 1. The next moments (3.4) ca

%,
(4.1) as
(4.3) w (0 = = g(1,1,1,t) .

oX.
i

The total amount of monomer units (3.6) is given as
9
(4.4) M(t) = == g(1,1,1,t).

The second moments (3.5) follow in a similar way from

axpect infinity for t 2 tg' By multiplying each of the
a; a
snxllxz2 and summing them with respect to n, a ,a

lifferential equation (cf. PK 13)

2we

(4.5) %8 - x 28 g , g 2

H - H.X °
ot 271 Bxl 172 sz Bx] 8x2

fo this we may add an initial condition
(4.6) 8(s,%,,%,,0) = h(s,x,x,),

vhere h is a given polynomial.

It should be realized that the equation (4.5) hol
: but that the first moments are known in advance only
:0 the gelpoint. Therefore we shall solve (4.5) by a m
1se the explicit form of ui(t) such as (3.11). We intr

‘unctions

t
4,7) oi(t) = exp - J ui(T)dT,
0

ind new independent variables u,v determined by

:d in the cube

lerived from

but we may
:ions (3.2) by
: at the partial

all values of
he period up
which does not

the auxiliary

= 1,2,




u, = xlcz(t)

w g is considered

the following sim

g 9dg

9
v Bu] Buz

the initial condit
) g = h(s,u],u

quation (4.9) can

haracteristics of

) ﬂ:ilig:.
Py P
—
P; aui i

ration gives

Py = A

Py = A,
A., B, C. and D a
i i

Fitting of the ini

D = h(s,C]
)

Ai = hi(s,cl

h = _a_ll_

t
u, = xzol(t), v = f CIOZdT.
0

unction of s,u,,u, and v the equati«

1°72

rm

for v = 0.

ved by the standard method of Charpi

are determined by

E dp, dp, dq
1 0 0o’

0 B

3g

ov

q = B, u] + sz = C],
Bv = D, u, + A,v=20C¢

2 1 U2

stants of integration.

ondition (4.10) requires
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mnal solution is determined by (4.12) and (4.13)

:ndent parameters we obtain the following result
( g(s,u],uz,v) = h(s,Cl,Cz) - vhl(s,C],Cz)h2

1 Cl - vh2(s,Cl,C2),

e
1l

[=4
]

C2 - vh](s,Cl,Cz).

1ation of C1 and C2 can be carried out explicitl

only. The determination of the first few moment
1 moment (4.2) is determined by (4.14) for s = x

1, = oz(t) and u

1 = cl(t). Thus we have

2

C

) u(t) = h(1,¢,,C,) = vh (1,C,,C))h,(1,C,,C,

1’

Q
1

2 C] - VhZ(I’Cl’CZ)’

Q
1]

¢, = vh (1,C,,C,).

1e first moments we have from (4.3), (4.12) and

-9 _ 9 ‘
it
uy = ozh](l,C],Cz),
) _
My = clhz(l,C],Cz),
CI’CZ satisfy the equations (4.16).

I[f we are in the initial phase of the process of
of u](t) and uz(t) is known in advance. So (4.17
gpressions (3.11). But in the subsequent phase o
edge is available. Then the equations (4.16) and

termine M and Mo for t > tg.

g'Cl and C2 as
PK 21,22)

c,),

few special
uch simpler. The

= 1, This means

]
Q
=

21

lerisation the
* may confirm
.tion no such

) can be used
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The total amount of monomer units follows from (4.4) and (4.14). By

econd and third relations of (4.14) Cl and 02 are determined as func-

depending also on s. Thus we proceed as follows. Starting from

P - —] - —-—
g = h(s,Cl,Cz) v (C1 u])(C2 u,),

fferentiate with respect to s. This gives

aC aC aC aC

g _ 3h ! 2 _ v le- i
3s 9s * h1 9s * h2 9s v (CZ u2) 9s v (Cl u])

_2
9s

ight-hand side simplifies to dh so that eventually
9s

L)
) M= Sg-h(l,C],CZ)

E INITIAL PERIOD UP TO THE GELPOINT

During the initial phase of the polymerisation process the second
ts (3.5) are finite and the first moments are given by (3.11). Then

he auxiliary functions (4.7) we obtain the explicit expressions

. At . -\t
sinh AB.e sinh A6.e
B e = < o
9 (8) = Sion ACc+8) ° 92(8) = SR (ere) b=ty
(t) we obtain without difficulty the following expression
sinh A6.sinh At
= <
v(t) XA sinh A(t+8) ° t= tg'

The known expressions of ui(t), ci(t) and v(t) should be compatible

the system (4.16) and (4.17). It follows at once that

(@)
|

=0y * vuy/oy,
C, = 9, + vulloz.

>le calculation gives the rather surprising result that




v, this result can be obtained in a much simpler way. If the first

.on (4.16) is differentiated with respect to t we find

C.=0.+hwv + v(h

1 2 * 0y €y +hyyCo)s

2171

1 view of (4.17) we have

p ¥ hyv = -uy0, + 0y05h, = 0.

\ similar argument for the second equation we obtain

j (1-vh ,)C, = vh,.C),

1 (]_VhIZ)CZ = Vh]lC].

set has the almost trivial solution with constant values of C] and C2.

= 0 we have 0= 0, = 1 and v = 0 so that (4.16) gives C] = 02 =1,
jJut, this is not the only solution of (5.5). There may exist a second

.on where C] and C2 are changing in time and where

2 2 :
{1 - vhlz(l,Cl,Cz)} = v h‘l(l,Cl,Cz)hzz(l,C],Cz).

111 soon see that this second solution holds for the period after the
.nt.

jo far nothing new has been found. The first moments are already known
rance. Also the zeroth moment p(t) can be determined without making

" the solution (4.14). However, checking of the conservation law and
tlculation of the second moments necessitate the use of the full so-

1 (4.14). Let us try to calculate the moment ull(t). This requires

2
:dge of Ji—-g(l,o ,0.,t) but, since 98 h,, it is sufficient to
3u2 2 1 aul 1
. ) - = = -
line —— hl(s,C],Cz) for s = 1, u =0y, Uy =0, From (4.14) we ob

1

)y differentiation with respect to u,




aC aC

1 2 _
(I=vh)) 5= = Vhyy 5 = 1
1 2
)
BC1 aC
VR g, T UVhy) a0
1 2
i set has to be considered for s = 1, u =0, u, = 0,. But this m
. 9C) oCy .
. also C, = C_, = 1. The corresponding values of —— and —— which
1 2 Bul Suz

led for the calculation of the second moments can be solved from (
wer, the solution breaks down when the determinant of the system
.shes at some time. This happens when

2 2

{1 - vh]2(l,l,l)} = v hll(l,l,l)hzz(l,l,l),

then

f— -1
D) v = {hlz(l’l,l) + hl](l’]’l)hzz(]’]’])} .
function v(t) increases monotonously from v(0) = 0 to a finite va

act, assuming the validity of (5.2) for all t we would have

_ 1 - exp - 2[A]8 _
v 21T = I

there may be a value t = tg for which v equals the right-hand si
). If this happens there is an instant at which the second moment:

infinite, i.e. the gelpoint is determined by (5.8) (cf. PK 45).
From (5.2) and (5.8) a formula can be derived which expresses tg
is of the h-derivatives. We obtain in the first place from (5.2)

) cth At + cth A6 =

1
Av

g the relations (3.12) or

u](O) + uz(O) Acth A6,

—u, (0) + 1, (0) =

|
>
-




we arrive at the following expression for the gelpoint (cf. PK 46)

| h ,(1,1,1) +»G”(1,1,1)h22(1,1,1)-u](O)

(5.11) t

= In
g u,(0) = u (0) -
2 1 hlz(l,l,l) + /hll(],l,])hzz(l,l,l) u2(0)

In the symmetric case there are a number of simplifications. From

(3.13) and (5.1), (5.2) we have for x = 0

1 6
u (0 = uy(t) = 575 » 0,(t) = 0,(t) =+ >
(5.12)
ot
vit) =+

Next (5.8) may be written as (cf. PK 47)

G
e{h]2(1,1,1) + fn”(],l,])hlz(],l,l)} -1

(5.13) t =

6. THE SUBSEQUENT PERIOD AFTER THE GELPOINT

The solution (4.14) is also valid for t 2 tg. The only problem is

that the form of ui(t), ci(t) and v(t) is not known beforehand. We repeat

that U, U, and v are given by
't

(6.1) u, = x]oz(t), u, = xzcl(t), v = J olozdr.
0

In section 4 we have shown that the first moments are implicitly determined
by (4.16) and (4.17). We shall start from these relations using the auxi-

liary variables W, determined by

U H
(6.2) W, = gl ’ W, = 2 .
2 9

Further we shall take v as an independent time variable. Then (4.16),

(4.17) can be replaced by (cf. 5.3)

C, =0, + vw,,
(6.3) b2

= +
Cyp =0y ¥ v
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b) W, = h](l,C],Cz), v, = h2(l,C],C2).

1 the definition of o5 and v we obtain by differentiation

Qe
<o
|
Q
Q

') 1 - 799 Ty T 7919,%;y>

:aking appropriate combinations we have

d do
1 dv °? 2 dv

je relations can be used to eliminate > Tgs Wis W, in (6.3) and (6.4).

‘erentiation of the first relation of (6.3) with respect to v gives

dcC do dw
;99 2 4
™ S TtV T Vg P60

. we arrive at the following pair of equations (cf. 5.5)

dC] dC2

J (1 = vh,(1,€),C))) 7 = vhy, (1,€,,C)) - »

p—y

1 ac, ac,
(1 = vh ,(1,€/,6))) & = vh  (1,€,,C)) 5o -

this system holds for all values of t. For t < tg we had the trivial

tion C] =C, =1 but for t > tg we have a second solution where Cl and

2
ay vary with v. From the vanishing of the determinant of the system we

in in view of (5.6) and (5.8)

p—

1
= + ¢
- = hlZ(]’Cl’CZ) hll(l’CI’CZ)hZZ(l’Cl’CZ) ,

h in contrast to (5.8) should be considered as a time dependent rela-

between C, (V) and Cz(v). We know already that for t = tg’ and accord-

1
yv= Vg’ C] = C2 = 1. From (6.7) we may derive a second independent

tion
dC dcC

_1_ _2
1Cy) 5 = 7By, (1,€,,C)) 5

\/h”(l,CI




1
dc h,. (1,C,,C)\°
;.9) 1 _ ( 22 172

dC2 h]l(l’C]’CZ)

The equations (6.8), (6.9) enable us to dete
tons of v. Of course the integration can be carr
>w simple cases only. As soon as C](v) and Cz(v)
iriables w](v) and wz(v) can be determined using
)(v) follow from (6.3). At this stage it is poss

ime by determining v as a function of t from (6.

v
. dw
. -t = | ———.
5.10) t g J O](w)oz(w)
v
g

In practical applications one might be inter

shaviour of u, ul, uz and M. In that case it 1is

licit expressions of Ors Oy W, and W, By (6.8)

stermined as functions of v. Next from (4.15), (

> have
= c) -
u h(1,C,,€,) = vh (1,€,C,)h, (1
’ w, = Ch (1,€,,C,) - vh (1,C,,C)h, (1
5.11) 4
u2 = C2h2(],Cl,C2) - vh](l,C],Cz)hz(l
M = = h(1,C.,C.)
- ds S R/ A

inally from (4.]6) and (6.10)

v
, _ I S
5.12) t tg = J (Cl th) (C2 Vh]) dv.
v
g

. A SPECIAL CASE

We consider the polymerisation of a mixture

»nomers of type C3(3,0) and C](O,Z). Thus for t

C] and C2 as func-

t explicitly in a

nown the auxiliary

. Next ol(v) and

o recover the real

only in the time

cessary to use ex-—

6.9) C1 and C2 are
(4.17) and (4.18)

ting initially in

e generating func-




1 is given as

1) h(s,x

stoichiometric case corresponds with a = b, For future use

N

2) hl(],xl,xz) =3 ax), hz(l,xl,xz) = §-bx2,
3) b (L,x,x) =2ax., h.(l,x,x) =0, h.(l,x
11271272 3 1° 1207271272 ’ 227
>rding to (3.12) we have
. 1 b
+) A= § (b—a), 2)\6 = 1n ; 2
that
At -\t
- _ _ 2a)e _  2ble
>) w0 = —7 At ° uy(t) = —% Y
be - ae be - ae
= from (5.1) and (5.2)
At =it
. _ (b-a)e _ (b=a)e
>) o) (t) = —% =it 0, (t) = —5% -t
be - ae be - ae
_ 3 sinh At
g vie) = =% =Y
be - ae

possible gelpoint is given by (5.11) as

_3/2 Ya(V/2b - /a)

3) t = 3=
g 2 (/22 - Vb)

e is only a real value under the conditions

)) %-b < a < 2b.

5 only when there are enough monomers of either kind gelatio

nay be of interest to construct a table which shows the valu

19

;e that

wlro
o

ossible.

t for
g




rarious combinations of a and b. In the fo

ralues of (a+b)tg for a number of values o

(a+b)t b
g
o 0
9.88 0
8.24 0
7.59 0
7.32 0
7.24 1
7.30 1
7.47 1
8.11 1
9.29 1
11.66 1
o 2
Table 1

[t appears that a minimum is reached for a
If we consider the special case a = b

(5.13)

_ 2
U](t) = Uz(t) - 2t + 3 ) 0]
(7.10)
3t
v = gE ey
and
(7.11) tg=—(l + /2) = 3.62.

From (3.15) we obtain for the total number

4t

(7.12) u(t) ='g'-—3—(-2—t-:3—).

Next we analyse the situation in the

g table we h ven the

tric mixture

e have from and
_ 3

AR T

lecules

. period but 111 con-




¥ here the symmetric case a = b = | only.
3a)  +=2v3
@ v 3"
dC1 -
3b) EE; = (ZCI) .

; gives at once

4a) C, = %-v s

4b) C, = g-v +C,

‘e C is a constant of integration. But we 1}

3 . 1.061 we should have C2 = 1. This g
2v2
5) c=1-%/§=o.057.

from (6.4) we obtain

- 27 4
Y1.°32Y >
6)
3 -3 2
W2 = A v + §'C .

(6.2) there follows

7)

My =35V T Tg Cv s
3)

(6.8)

1at at

ments

21

.9) we obtai

elpoint

;pressions




ny

[he zeroth moment can be obtained from (4.

2 4 2
C2 - —9--VC1C2 .

2 .3 1
r = —
(7.19) u 9C1 +3

fhe total amount of free monomers particip

nined by (4.18) and (7.1) as

(7.20) M=-§-c + L

1
173 72"

Je note that the relatioms (7.17), (7.18),

111 times. For t < tg we have simply Cl =

1= 1, but for t 2 tg Cl and C2 are depend

termined.

The real time scale follows from (6.1

v
dv
(7.21) t -t =J .
g 2 3 3,72
vg(32 v + C)(8 v

This is an elementary integral. A simple c

(7.22) t = —‘-2- In (9 +32¢v3) 19 -16Cv
6C

In table 2 we have combined v, His Mo M in
ber of values either for t < tg as for t =

For t >~ » we observe the following be

16 .-+
v(®) = (5 ©) 3 = 2,143,

u (=) =0,
2
uz(w) = 3C" = 0.010,
p(e) = 02 = 0.0033,
2

M(«) = 6C” = 0.020.

7.1), (7.2) as

in the reactions is deter-

) and (7.20) are valid at
which incidentally gives

.t in a way yet to be de:-

.tion shows that

- constant.

' dependence on t for a num-




0 0 0.67 67 0.56 1
0.5 0.38 0.50 .50 0.39 1
1 0.60 0.40 .40 0.29 1
1.5 0.75 0.33 .33 0.22 1
2 0.86 0.29 .29 0.18 1
2.5 0.94 0.25 .25 0.14 1
3 1.00 0.22 22 0.11 1
tg 1.06 0.20 .20 0.08 1
4 1.09 0.16 17 0.07 0.85
4.5 1.13 0.13 14 0.06 0.71
5 1.16 0.11 13 0.05 0.61
5.5 1.18 0.10 11 0.05 0.53
6 1.21 0.08 10 0.04 0.47
6.5 1.23 0.07 10 0.04 0.42
7 1.25 0.07 09 0.03 0.38
7.5 1.27 0.06 09 0.03 0.35
8 1.29 0.06 08 0.03 0.33
0 2.14 0 01 0.00 0.02
Table
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